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THE DIMENSION OF THE HILBERT SPACE OF GEOMETRIC
QUANTIZATION OF VORTICES ON A RIEMANN SURFACE
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Abstract. In this article we calculate the dimension of the Hilbert space of
Ka¨hler quantization of the moduli space of vortices on a Riemann surface. This
dimension is given by the holomorphic Euler characteristic of the quantum line
bundle.
Keywords: Vortex moduli space, Symmetric product of a Riemann surface, Geo-
metric quantization, Holomorphic Euler charateristics.
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1. Introduction
Given a symplectic manifold (M,ω), with ω integral (i.e. its cohomology class
is in H2(M,Z)), geometric pre-quantization is the construction of a Hermitian line
bundle with a connection (called the pre-quantum line bundle) whose curvature
ρ is proportional to the symplectic form. This is always possible as long as ω is
integral. This method of quantization developed by Kostant and Souriau, assigns
to functions f ∈ C∞(M), an operator, fˆ = −i∇Xf + f acting on the Hilbert space
of square integrable sections of L (the wave functions). Here ∇ = d − iθ where
locally ω = dθ and Xf is defined by ω(Xf , ·) = −df(·). We have taken ~ = 1. The
general reference for this is Woodhouse, [8].
This assignment has the property that that the Poisson bracket (induced by the
symplectic form), namely, {f1, f2}PB corresponds to an operator proportional to
the commutator [fˆ1, fˆ2] for any two functions f1, f2.
The Hilbert space of pre-quantization is usually too huge for most purposes.
Geometric quantization involves construction of a polarization of the symplectic
manifold such that we now take polarized sections of the line bundle, yielding
a finite dimensional Hilbert space in most cases. However, fˆ does not map the
polarized Hilbert space to the polarized Hilbert space in general. Thus only a few
observables from the set of all f ∈ C∞(M) are quantizable.
We mention the general theory behind holomorphic quantization.
When M is a compact Ka¨hler manifold, ω is an integral Ka¨hler form, and L
the prequantum line bundle, one can take holomorphic square integrable sections
of L⊗µ for µ ∈ Z large enough as the Hilbert space of the quantization. (Recall L
might not have any global sections so we need to have high enough tensor product,
hence we need L⊗µ). L⊗µ has curvature proportional to µω. Let {z1, ....zn} be local
co-ordinates on the Ka¨hler manifold. The polarized sections are given by ∇ζ¯ψ = 0
where ∇ is the covariant dervative w.r.t. a connection θ (i.e. µω = dθ locally)
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and ζ¯ = { ∂
∂z¯1
, ...., ∂
∂z¯n
} and ψ is a polarized section of L⊗µ. Let θ =
∑n
i=1 fidzi +∑n
i=1 gidz¯i. Then the equation for ψ is
∂ψ
∂z¯i
− igiψ = 0, i = 1, ..., n. One can show
that the most general solution of this set of pde’s is ψ = f0(z, z¯)h(z), where h(z)
is a holomorphic section of L⊗µ and f0(z, z¯) satisfies the equation
∂f0
∂z¯i
− igif0 = 0,
i = 1, ..., n. Since f0 is completely determined by θ, there is a 1 to 1 correspondence
between ψ and h i.e. polarized sections and holomorphic sections.
Let (X,ω) be a compact integral Ka¨hler manifold such that L is a holomorphic
line bundle whose curvature is proportional to the Ka¨hler form ω. Let L⊗µ be the
quantum line bundle for any µ ≥ µ0 ∈ Z
+. It is a positive line bundle and µ0 has
been chosen such that Hq(X,L⊗µ) = 0 for all q > 0. By Kodaira’s theorem, such a
µ0 exists (Theorem B, [4], page 159, taking E to be trivial). Let the Hilbert space
of quantization be the space of holomorphic sections of L⊗µ. It should be noted
that since the X is compact square integrability of holomorphic sections follows
automatically.
The dimension of the Hilbert space of geometric quantization as defined above
for any compact Ka¨hler manifold with integral Ka¨hler form µω is given by the
holomorphic Euler characteristic of L⊗µ for all µ ≥ µ0 ∈ Z
+, where µ0 is as
above. This well known fact follows trivially since the holomorphic Euler char is the
alternating sum of dimensions of the cohomology of L⊗µ. Since only H0 survives,
we get that the dimension of the space of global sections of L⊗µ is precisely the
holomorphic Euler charateristic.
The main aim of this article is to calculate the dimension of the Hilbert space of
geometric quantization of the vortex moduli space.
The vortex equations are as follows. Let Σ be a compact Riemann surface and
let ω = h2dz∧dz¯ be the purely imaginary volume form on it, (i.e. h is real). Let A
be a unitary connection on a principal U(1) bundle P i.e. A is a purely imaginary
valued one form i.e. A = A(1,0) + A(0,1) such that A(1,0) = −A(0,1). Let L be a
complex line bundle associated to P . Let Φ be a section of L, i.e. Φ ∈ Γ(Σ,L).
There is a Hermitian metric H on L, i.e. the inner product < Φ1,Φ2 >H= Φ1HΦ¯2
is a smooth function on Σ. (Here H is real).
The pair (A,Φ) will be said to satisfy the vortex equations if
(1) F (A) = 12 (1− |Φ|
2
H)ω,
(2) ∂¯AΦ = 0,
where F (A) is the curvature of the connection A and dA = ∂A + ∂¯A is the
decomposition of the covariant derivative operator into (1, 0) and (0, 1) pieces. Let
S be the space of solutions to (1) and (2). There is a gauge group G acting
on the space of (A,Φ) which leaves the equations invariant. Locally the gauge
group looks like Maps(Σ, U(1)). If g is an U(1) gauge transformation then (A1,Φ1)
and (A2,Φ2) are gauge equivalent if A2 = g
−1dg + A1 and Φ2 = g
−1Φ1. Taking
the quotient by the gauge group of S gives the moduli space of solutions to these
equations and is denoted byM. The vortex moduli space for N vortices on a closed
Riemann surface Σ, is well known to be the SymmN(Σ), where Symm stands for
the symmetric product. This is a compact Ka¨hler manifold, with the Ka¨hler form
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given by Manton and Nasir as follows:
ωMN =
i
2
N∑
i,j=1
(Ω(zi)δij + 2
∂bi
∂z¯j
)dzi ∧ dz¯i
where bi’s are terms appearing in the expansion of log|Φ|
2 around a typical zero zi
of Φ – their derivatives survive in the Samol’s metric on the moduli space, Manton
and Nasir, [5].
This form is integral if we normalize the volume A of the Riemann surface to
be in 4piZ+, [5]. In this case, if we take A to be large enough, we show that the
quantum bundle is a holomorphic bundle L whose curvature is proportional to ωMN
and from the above its holomorphic sections are in to one correspondence with the
polarized sections constituting the Hilbert space of quantization. In [1], [2] we had
carried out this programme of geometric quantization of the vortex moduli space
and had shown that the quantum line bundle is a Quillen determinant line bundle.
In this article, we calculate the dimension of this Hilbert space when the Riemann
surface is a compact Riemann surface of genus g (with µ = 1). In all case, if
A is sufficiently large, (i.e. A4pi > max(N, g − 1) ) it is the holomorphic Euler
characteristc of the quantum bundle L. The proof is a simple application of the
Kodaira Vanishing theorem, [4].
The result also tallies with Romao’s result for vortices on sphere, [7], as we
explain in Remark 2.
We must mention that in the arxiv there is a paper by Eriksson and Romao [3]
where the Kahler quantization of the moduli space of vortices is carried out using
Deligne’s point of view, and our result follows from theirs. Our work is independent
and uses the properties of the Manton-Nasir form.
2. The dimension of the Hilbert Space of the vortices on a Riemann
surface of genus g.
Let X be the N -th symmetric product of a compact Riemann surface Σ of genus
g. The volume of the Riemann surface has been normalized to A = 4pik, k ∈ Z+.
By Macdonald, [6], the cohomology ring of X is given as follows. We follow the
exposition given in [5].
Let αi, i = 1, ..., 2g be one forms of Σ whose cohomology classes are the gener-
ators of H1(Σ,Z) and let the cohomology class of β be the generator of H2(Σ,Z).
Note that β is normalized such that
∫
Σ β = 1 and is of type (1, 1). The ring
structure of H∗(Σ,Z) can be described as
[αi][αj ] = 0, i 6= j ± g;
[αi][αi+g] = −[αi+g][αi] = [β], 1 ≤ i ≤ g, where square brackets denote coho-
molgy classes. Let αik and βk are forms in N product of Σ (namely Σ
N ) such
that
Let [αik] = 1⊗ ...⊗ 1⊗ [αi]⊗ 1⊗ ...⊗ 1 ∈ H
1(ΣN ,Z).
[βk] = 1⊗ ...⊗ 1⊗ [β]⊗ 1⊗ ...⊗ 1 ∈ H
2(ΣN ,Z)
where [αi] and [β] are in the k
th place. We take βk = pk
∗(β) where pk : Σ
N → Σ
is the projection to the kth component. Also, αik = p
∗
k(αi).
Then H∗(ΣN ,Z) is generated by [αik] and [βk] ( 1 ≤ i ≤ 2g, 1 ≤ k ≤ N) with
the following relations:
[αik][αjk] = 0, i 6= j ± g
[αik][αi+g,k] = −[αi+g,k][αik] = [βk], 1 ≤ i ≤ g
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[αik][αjl] = −[αjl][αik], k 6= l.
Now define the following
ζi = αi1 + ...+ αiN , 1 ≤ i ≤ 2g.
η = β1 + ...+ βN
Let ζ′i = ζi+g , 1 ≤ i ≤ g and σi = ζiζ
′
i.
These forms are SN -invariant and their cohomology classes generate the coho-
mology of X .
Lemma 2.1. η is positive.
Proof. The form η can be realized as a G- invariant form G = SN , the symmetric
group, given by
η = β1 + . . .+ βN (1)
where βj is the normalized volume form on Σ, i.e.
∫
Σ βj = 1. In other words,
η = 1
A
ω1 =
i
2A
∑N
j=1Ω(zj)dzj ∧ dz¯j . (notation as in [5]). By definition (see [4],
page 29) this is a positive form since Ω(zj) > 0 (see (2.1) in [5]) and A > 0.

Remark 1: It should be noted that in our paper we have denoted ωMN , η and
σi as forms rather than their cohomology classes. We have used parentheses to
denote the cohomology classes. This distinction has not been made in the papers
we have cited [6], [5].
Theorem 2.2. The dimension of the Hilbert space of geometric quantization for
N -vortices on a compact Riemann surface of genus g is given by the holomorphic
Euler characteristic of the quantum line bundle L on the X = SymmN(Σ) which
has curvature proportional to the Manton-Nasir form, ωMN , a Ka¨hler form ( which
is integral if the volume of the surface is A = 4pik, k ∈ Z+ ). The dimension of the
Hilbert space is
(
k
N
)
, where k = A4pi if
A
4pi > max(N, g − 1) .
Proof. Note that the complex dimension of X is N .
ωMN is integral if A = 4pik, k ∈ Z
+, [5]. Thus there is a quantum holomorphic
bundle, L whose curvature is proportional to ωMN .
Step 1 We prove that the dimension of the Hilbert space for a Riemann surface
of genus g is the holomorphic Euler characteristic for the quantum bundle L whose
curvature is ωMN .
By [5] the Manton Nasir form is given by
ωMN = (A− 4piN)η + 4pi(σ1 + . . .+ σg) + exact terms. (2)
Let [ωMN ] signify cohomology class of ωMN . Then
[ωMN ]
4pi
= (
A
4pi
−N)[η] + ([σ1] + . . .+ [σg) (3)
It is an integral form if A4pi is integral.
We also have from [5]
c1(TX) = (N − g + 1)[η]− ([σ1] + . . .+ [σg]) (4)
where X is the symmetric product.
From the above two equations we have
[ωMN ]
4pi
+ c1(TX) = (
A
4pi
− g + 1)[η] (5)
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Recall that L is the line bundle representing the first term in left hand side of the
above equation. Let K∗ be the anti-canonical bundle. Then the tensor product
L′ = L ⊗ K∗ is a positive bundle since ( A4pi − g + 1) > 0 and η is positive by
Lemma (2.1). Then L = L′ ⊗K has, by Kodiara Vanishing theorem, zero higher
cohomology, [4], page 154. Hence the global sections are given by the holomorphic
Euler characteristic for L.
Step 2: The Hirzebruch-Riemann Roch theorem implies that the holomorphic
Euler characteristic H.E.(X,L) of a L is computable in terms of the Chern class
c1(L) (the class of ωMN ) and the Todd polynomial in the Chern classes of the
holomorphic tangent bundle of X . In fact, H.E.(X,L) =
∫
X
ch(L)td(X) where
ch(L) is the Chern character of L and td(X) is the Todd class of the tangent
bundle of X .
However, in our case, Macdonald has already calculated the holomorphic Euler
char using Hirzebruch-Riemann Roch formula in [6] and we can invoke his results
to calculate the holomorphic Euler characteristic of L.
For a vector bundle E on X its holomorphic Euler characteristic is given by
H.E.(E) = κN{(e
δ1 + . . .+ eδn)e−[η]g(
[η]
1 − e−[η]
)
n+1
} (6)
where product of 1 + δi determine the Chern classes of the E and κN signifies we
have to only consider highest degree forms, [6].
Now Chern class of the quantum bundle L is
c1(L) = (
A
4pi
−N)[η] + [σ1] + . . .+ [σg] (7)
Substituting in the above equation
H.E.(L) = κN{e
( A
4pi
−N)[η]+[σ1]+...+[σg ]e−[η]g(
[η]
1 − e−[η]
)
N+1
} (8)
By (5.4) in [6], we can replace each σi by η (as in page 334 below equation 14.10 [6]),
to get
H.E.(L) = κN{e
( A
4pi
−N)[η](
[η]
1− e−[η]
)
N+1
)
= Res[η](e
( A
4pi
−N)[η](
1
1 − e−[η]
)
N+1
)
Substituting ε = 1− e−[η], dε = (1 − ε)d[η] and letting K0 =
A
4pi −N > 0, we get
H.E..(L) = Resε
(1−ε)−K0−1
εN+1
.
Thus H.E.(L) = the coefficient of εN in (1 − ε)−K0−1 which is
(
K0+N
N
)
or
(
k
N
)
where k = A4pi . This number is always ≥ 1.

Remark 2: In [7] Romao has calculated the dimension of the Hilbert space for
vortices on the sphere to be
(
N+l
l
)
where l is Chern class of the quantum bundle.
Here we identify the second cohomology of CPN (the vortex moduli space for a
sphere) with the integers. Since
(
N+l
l
)
is equal to
(
N+l
N
)
and since Manton-Nasir
form in the genus zero case is ( A4pi −N)η, therefore l =
A
4pi −N and the result tallies
with our result .
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